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When simulating the vertical drain method using a soil–water coupled ﬁnite element analysis, a macro-element method can be used as a means
of approximately applying the water absorption function of drains to individual elements. In this paper, the discharge function of vertical drains
was added to the method by treating the water pressure in the drain as an unknown and adding a continuity equation for the drains to the
governing equations. By extending the method in this way, the analytical results came to exhibit the well-resistance phenomenon automatically,
depending on the analytical conditions. Numerical analyses were conducted after incorporating the proposed macro-element method into a quasi-
static soil–water coupled elasto-plastic ﬁnite element method based on the ﬁnite deformation theory. The main conclusions are as follows: (1) the
proposed method enables highly accurate approximations for problems involving material and/or geometrical nonlinearity and multilayered
grounds; (2) the proposed macro-element method is capable of reproducing various phenomena that occur when the vacuum consolidation
method is applied to a clayey ground containing a middle sand layer; (3) by following the formulation used in this paper, it is unnecessary to
match the mesh division width to the drain arrangement and spacing. In addition, it is possible to obtain solutions that are minimally affected by
the mesh size.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
Keywords: Macro-element method; Vertical drain method; Vacuum consolidation method; Well resistance; Soil–water coupled analysis; Finite element method;
Finite deformation theory; Elasto-plasticity; Multilayered ground1. Introduction
It is well known that the soil–water coupled elasto-plastic
ﬁnite element analysis is one of the most important tools for
analyzing problems involving ground deformation and failure.
It goes without saying that a challenge faced when simulating
the vertical drain (VD) method, using this numerical analysis
approach, is how to represent the VDs in the numerical model.
The simplest method is to model the VDs with ﬁnite elements10.1016/j.sandf.2015.09.012
5 The Japanese Geotechnical Society. Production and hosting by
g author.
ss: s-yamada@civil.nagoya-u.ac.jp (S. Yamada).
der responsibility of The Japanese Geotechnical Society.after dividing the mesh ﬁnely in the improved region (e.g.,
Borges, 2004). While this is an ideal approach, from the
standpoint of being able to precisely calculate stress, strain,
and water ﬂow, it is problematic in that it requires a
3-dimensional analysis and a simultaneous evaluation of a
vastly increased number of elements. The corresponding
approach for analysis under 2-dimensional plane strain condi-
tions is to distribute thin, highly permeable elements vertically
or permeable boundaries in the ground. In this case, as wall-
like drains are created, special manipulation of some type is
required to match the progress of consolidation between the
3-dimensional condition and the 2-dimensional plane strainElsevier B.V. All rights reserved.
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Indraratna et al., 2004). There is a technique, the mass-
permeability concept, that does not require increasing the
mesh density by assigning the macroscopic permeability to
the improved ground in order to consider the acceleration
effect of consolidation resulting from the VD method. While
this offers a simple way of presenting the problem, it still
requires a means of deciding the mass-permeability of a
ground with drains. Aasoka et al. (1995) proposed a back-
analysis method for determining the mass-permeability of a
ground with drains. Chai et al. (2001) reported a method for
calculating the vertical macroscopic coefﬁcient of permeability
of the ground based on the drain diameter and drain arrange-
ment. However, the problem with these methods is that, even
though they are able to simulate the settlement behavior of the
ground surface, they do not necessarily accurately reproduce
the consolidation process in the ground. Sekiguchi et al. (1986)
proposed a different approach to simulating the VD method
with the goal of reducing computational costs. Speciﬁcally,
they attempted to express the accelerated consolidation asso-
ciated with the VD method by assigning the water absorption
function of drains to each element in the drain-improved
region. This can be considered as a type of homogenization
method that enables the reproduction of accelerated consolida-
tion effects due to drains at the macroscopic level without
dealing with the heterogeneity that occurs around individual
drains. Sekiguchi et al. (1986) used the term “macro-element
method” to refer to this approach. It is a useful method that
allows for the very accurate incorporation of the water
absorption function of drains even under 2-dimensional plane
strain conditions. Sekiguchi et al. (1986) validated their
proposed method through experiments conducted on a test
embankment under which the soft ground was improved by the
installation of sand drains. Based on this approach, Aasoka
et al. (1995) proposed the aforementioned method for deter-
mining the mass-permeability of a drain-improved ground.
Takeyama et al. (2008) and Arai et al. (2008) performed
simulations of vacuum consolidation using the same method.
Hirata et al. (2010) included the well resistance coefﬁcient
proposed by Yoshikuni and Nakanodo (1974) and/or
Yoshikuni (1979) into the macro-element to simply account
for the consolidation delay resulting from the well resistance.
Also, Chai et al. (2013) discussed several methods for
incorporating the VD effects into the soil–water coupled ﬁnite
element method including the original macro-element method.
One of main objectives in this paper is to newly extend the
function of the original macro-element method. Speciﬁcally, it
is proposed that the water pressure in the drain, which has been
speciﬁed as an analytical condition in previous versions of the
method, be treated as an unknown. In the proposed method, a
continuity equation for drains is added to the governing
equations in order to compensate for the increased unknowns.
In previous versions of the macro-element method, as a
consequence of approximating the drain permeability as
inﬁnity, the pore water absorbed into drains would simply
vanish. In the proposed method, however, this pore water is
transported to the ground surface through drains with ﬁnitepermeability. That is to say, the proposed macro-element
method newly obtains a discharge function for the drain while
retaining the water absorption function included in previous
versions. Analysis showed that, in simulations with this
rational expansion, a well resistance spontaneously occurs
under certain conditions. Furthermore, in previous versions of
the macro-element method, it was necessary to match the mesh
division width to the drain spacing or an integral multiple
thereof. If this restriction was removed, it would be possible to
use the same mesh to investigate the effect of the drain
spacing. In this paper, a formulation is conducted whereby the
solution is not constrained by the mesh division width.
The structure and the objective of the present paper are as
follows. First, the new macro-element method that incorporates
water absorption and discharge functions for VDs is formu-
lated. Next, using a soil–water coupled elasto-plastic ﬁnite
element analysis code, based on the ﬁnite deformation theory
incorporating the above formulation, the calculation results for
an axisymmetric unit cell model surrounding a single drain are
shown to ascertain the baseline performance and approxima-
tion accuracy. Finally, a series of simulation results for the
vacuum consolidation of a ground containing a middle sand
layer are shown to demonstrate the advantage of treating the
water pressure in the drain as an unknown. In addition, mesh
sensitivity is also veriﬁed for the same analytical target.2. Formulation of new macro-element method equipped
with water absorption and discharge functions for vertical
drains
2.1. Soil–water coupled elasto-plastic ﬁnite element governing
equations and macro-element method
Asaoka et al. (1994, 1997b) proposed a quasi-static soil–
water coupled elasto-plastic ﬁnite element method based on
ﬁnite deformation as an extension of the method of Akai and
Tamura (1978), which is of the type proposed by Christian and
Boehmer (1970). Extending this approach by the introduction
of macro-elements is considered herein.
The governing equations for the above numerical analysis
methods are represented as follows:
v fuK L 1
N T{ } { }̇− ̇ = ( )
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Eqs. (1) and (2) represent a spatially discretized rate-type
equilibrium equation and a soil–water coupled equation,
respectively. By solving these equations simultaneously, the
node velocities vN{ } and the representative value for pore
water pressure u at each element are obtained. Here, K
represents the tangent stiffness matrix, L is the matrix for
converting vN{ } to the elemental volume change rate, f ̇{ } is
the nodal force rate vector, h and hi represent the total head
corresponding to the water pressure for the element in question
Oer
z
wr
Fig. 1. Axisymmetric unit cell model surrounding a single drain.
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1115and neighboring elements, respectively, wρ is the density of the
water, g is the magnitude of the gravitational acceleration, iα is
the coefﬁcient of pore water ﬂow to adjacent elements, and m
is the number of faces for each element. The left side of Eq. (2)
represents the compression rate for soil elements, and the right
side represents the rate of pore water ﬂow from the soil
elements.
In the macro-element method, since the effect of drains on
the rigidity and mass of the element is assumed to be
negligibly small, Eq. (1) is employed directly. On the other
hand, in order to introduce the water absorption function of
vertical drains to each element, the term QḊ, which represents
the rate of water inﬂux from the soil to the drain, is added to
the right side of Eq. (2).
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2.2. Model for pore water inﬂux from soil to drain
In the macro-element method, a representative value of the
water pressure in drain uD is assigned at the center of the
element in addition to the representative value for pore water
pressure u. A model for calculating the rate of pore water
inﬂux from the soil to the drain, QḊ, is introduced based on the
difference between these two water pressures, given by
Q u u h h g 4D D D w( )κ κ ρ̇ = ( − ) = ( − ) ( )
where h and hD represent the total heads corresponding to u
and uD, respectively. κ is the coefﬁcient of pore water ﬂow
from the soil to the drain and must be speciﬁed to appro-
priately represent the effects of the drain spacing and the
diameter. Sekiguchi et al. (1986) speciﬁed a κ value based on
the assumption that the mesh division width was matched to
the drain spacing or an integral multiple thereof for the drain
arrangement in a square pattern, and validated the performance
of the model. In this paper, while basically following the
derivation process of Sekiguchi et al. (1986), we derive a
speciﬁc κ that enables the mesh division width to be assigned
independently of the drain arrangement and spacing.
First, an axisymmetric unit cell model surrounding a single
drain is discussed, as illustrated in Fig. 1. Using r d /2w w( = ) as
the radius of a circular drain, r d /2e e( = ), as the radius of the
model, r as the distance to the center axis, z as the height from
the bottom, t as time, f r( ) as the ﬁrst eigenfunction from the
solution by Barron (1948), and u z t,w ( ) as the water pressure
in the drain, we assume that the distribution of water pressure
u r z t, ,( ) in the area surrounding the drain (r r rw e≤ ≤ ) can be
approximated as follows:
u r z t g z t f r u z t, , , , 5w( ) = ( ) ( ) + ( ) ( )
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where g z t,( ) is a function describing the change in water
pressure in the drain with height.Next, the mean water pressure u z t,¯ ( ) within the horizontal
cross-section of the axisymmetric unit cell model ( r re≤ ) at
height z is deﬁned by the following equation:
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Substituting Eqs. (5) and (6) into Eq. (7), the following
equation is obtained:
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When Eqs. (5) and (6) are used to describe the distribution
of water pressure, the rate of pore water inﬂux from the soil to
the drain per dz, Q z t,Ḋ ( )* , can be expressed by the following
equation:
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where k is the permeability coefﬁcient of the ground By
deleting g z t,( ) from Eqs. (8) and (10), QḊ* can be re-expressed
by the following equation, using u¯ and uw:
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In other words, the equation describes how much pore water
ﬂows into the drain per improved area r dze
2π per unit time. Next,
the rate of inﬂux into the drain, QḊ*, is converted to a per-element
basis, QḊ In addition, u and uD in Eq. (4) are considered as
corresponding to u¯ and uw in Eq. (11), respectively. Furthermore,
deﬁning V as the volume of one element, when the ratio of QḊ* to
QḊ is assumed to be the same as the ratio of r dze
2π to V , ﬂow
coefﬁcient κ in Eq. (4) can be expressed as follows:
kV
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In the ﬁnite deformation analysis, element volume V is
matched to the actual volume. In addition, the permeability
coefﬁcient of the ground, k, is allowed to change with the
ground's void ratio (although, in this paper, the change in the
permeability coefﬁcient is not taken into consideration). Mean-
while, de and dw are employed as material constants that
always have the same values irrespective of the element
deformation.
By formulating water-ﬂow coefﬁcient κ using element
volume V , the mesh division width can be separated from
the drain arrangement and spacing. In the previous formulation
of the macro-element method, when performing calculations
under plane strain conditions, attention needed to be paid to
how the depth direction was deﬁned. However, if the
formulation proposed in this paper is used, no constraint is
placed on depth (it is simply necessary to utilize a unit depth).
Furthermore, as can be seen in Eq. (12), the ﬂow coefﬁcient
depends on the hardness of the ground.Virtual drain
Boundary surface j
(surface area: )
jl
jn
js
jjjl ll
Dh
Djh
= .
Fig. 2. Virtual drain contained in macro elements.2.3. Soil–water-drain coupled equation
The equation obtained by substituting Eq. (4) into Eq. (3) is
called the “soil–water-drain coupled equation.”
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In previous versions of the macro-element method, vN{ } and
u are obtained by simultaneously solving Eqs. (1) and (13). In
such cases, total head hD or the corresponding water pressure
in the drain, uD, in Eq. (13), is speciﬁed by the analyst as a
type of permeable boundary condition. For example, in the
case of a problem involving consolidation due to loading, the
water pressure in the drain is speciﬁed as hydrostatic pressure.
In contrast, in the case of a vacuum consolidation problem,
pressure that is a designated amount below the hydrostatic
pressure is speciﬁed. Meanwhile, when the discharge function
for drains is insufﬁcient, i.e., when well resistance occurs, it is
difﬁcult for the analyst to assign the water pressure in the drain
in advance. Therefore, in this paper, the water pressure in the
drain, uD, is treated as an unknown.2.4. Continuity equation for drains
In order to obtain the water pressure in the drain, uD, as a
part of the solution, it is necessary to compensate as many
equations as increased unknowns. In the present paper, for the
region over which the macro-element method is to be applied,
a continuity equation for drains is formulated on the assump-
tion that the initial mesh for the macro-elements is approxi-
mately divided into a vertical direction and each element
contains a virtual drain, as shown in Fig. 2. And, it is assumed
that the water ﬂow within the drain can be approximated by
Darcy's law. Furthermore, based on the assumption that the
change in drain volume relative to the change in element
volume is negligibly small, the continuity equation for drains
is formulated as follows:
h h g h h g
14
D w
j
j D Dj w
1
2
∑κ ρ β ρ( − ) = ( − )
( )=
where hDj is the total head of the drain contained in the macro-
elements above and below the macro-element in question. The
left side of Eq. (14) represents the amount of pore water
ﬂowing from the soil to the drain per unit time. The right side
of the equation represents the amount of water ﬂowing to the
macro-elements above and below the macro-element in ques-
tion via the virtual drain per unit time. The coefﬁcient of water
ﬂow through the virtual drain, jβ , is constructed as follows, so
as to allow for mesh deformation in ﬁnite element problems:
l
n
k
l l
s
n 15
j
w
j
j
j
j
j
2
β = ⋅ ( )
where l j represents the vectors connecting element centers, l j
represents the magnitudes thereof, and n j and s j are the
outward-facing normal vector and area for boundary surface j
of the element. Eq. (15) is obtained by replacing ki with kw
and multiplying s j by the ratio of the drain cross-sectional area
to the improved area n1/ j in the pore water ﬂow coefﬁcient iα
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Appendix A. As in the case of κ , when calculating jβ , in
addition to using the current value for l j and n j in ﬁnite
deformation problems, de and dw are treated as material
constants for which the same values are always used even if
the element undergoes deformation.
In previous versions of the macro-element method, as a
consequence of approximating the drain permeability by
inﬁnity, pore water entering a drain simply disappeared. In
contrast, in the method proposed in this paper, pore water
entering a drain is discharged to the ground surface according
to the continuity equation for drains. The addition of Eq. (14)
to the governing equations signiﬁes the addition of a discharge
function to the macro-element method. Along with this
extension, kw is added to the list of macro-element method
material constants.
Under certain initial conditions, when Eq. (14) is solved in
conjunction with Eqs. (1) and (13), in order to simultaneously
obtain the water pressure in the drain, uD, the node displace-
ment velocities vN{ }, and pore water pressure u, it is necessary
to assign hydraulic boundary conditions to the drain in
addition to the boundary conditions required for a general
soil-water coupled analysis. In this case, the same treatment
applied to Eq. (2) is applied to Eq. (14) (See Appendix A). In
addition, it is necessary to assign an initial value for the water
pressure in the drain. Unless there is a speciﬁc reason, this is
set to the ground water pressure.2.5. Calculation of material constants de, dw, and kw
As mentioned earlier, the proposed macro-element method
contains three material constants de, dw, and kw. These are
introduced when constructing the axisymmetric soil-to-drain
pore water ﬂow model illustrated in Fig. 1. Meanwhile, as
shown in Fig. 3, the improved region associated with a single
drain is generally not circular and the drain material is often
distributed in a band. When applying the macro-element
method, it is necessary to calculate de based on the drain
arrangement and spacing, and to calculate dw based on thewd
ed
d
Square pattern
Fig. 3. Drain arrangementdrain shape. Various methods have been proposed for con-
verting those values based on simple calculations employing
the solution from Barron. The question of which method is
optimal warrants discussion elsewhere. Here, the representa-
tive methods are brieﬂy discussed. First, with regard to the
conversion to the equivalent diameter de, the following
equations, obtained by equating the area of the real improved
region for a single drain and the horizontal cross-sectional area
of the axisymmetric unit cell model, are often used:
d d
2
: Squarepattern
16
e π
= ( )
d d
2 3
: Triangularpattern
17
e π
= ( )
where d is the drain spacing The following are examples of
equations for converting band-shaped drains to columnar
drains:
d
a b2
18w π
= ( + ) ( )
d
ab
2
19
w π
= ( )
where a and b are the width and thickness, respectively, of a
band-shaped drain. Eqs. (18) and (19) are derived by equal-
izing the outer circumference (Hansbo, 1979) and the cross-
sectional area of a drain, respectively.
Care must be taken when assigning a value to kw. It should
be kept in mind that kw is a drain material constant substituted
into a problem set up as illustrated in Fig. 1. When the
permeability coefﬁcient of a drain kw˜ is measured experimen-
tally or determined by other means, kw must fulﬁll the
following relationship in order to ensure that the discharge
capacity assigned to a single drain, before and after conver-
sion, with respect to the cross-sectional area of the improved
region is equivalent to the measured value:Triangle pattern
ed
d
wd
and equivalent circle.
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where ae˜ and aw˜ are the cross-sectional area of the improved
region for a single drain and the cross-sectional area of the
drain prior to conversion, respectively, and ae and aw are the
horizontal cross-sectional area of the axisymmetric unit cell
model and the cross-sectional area of a circular drain after
conversion, respectively. Accordingly, it is only when
a ae e= ˜ and a aw w= ˜ (i.e., when Eqs. (16) or (17) are used
to obtain de, or when Eq. (19) is used to obtain dw) that
k kw w= ˜ .2.6. Removal of supplementary conditions
Sekiguchi et al. (1986, 1988) added the following conditions
to the original macro-element method.
1. The mesh division of width and depth must be matched to
the drain spacing or be an integral multiple thereof when
drains are deployed in a square pattern.
2. Macro-elements situated transversely adjacent to non-
improved regions are designated “transitional macro-ele-
ments,” while the remaining macro-elements are designated
“basic macro-elements.” The transitional elements mediate
the direct ﬂow of pore water from transversely adjacent
regular elements to the drain.
3. There is no exchange of pore water via soil between
transversely adjacent macro-elements; hence, 0iα = in
the horizontal direction.
All of the above conditions are the consequence of
assuming u r/ 0∂ ∂ = where r re= for the pore water pressure
distribution in Eqs. (5) and (6), i.e., the rate of the horizontal
water ﬂow at the outer boundary of an axisymmetric unit cell
model is zero, assumed when constructing the soil-drain
inﬂux model. As mentioned earlier, in view of the advantage
of the proposed method in determining the effect of the drain
spacing using the same mesh, we remove constraint 1). In
addition, based on the expectation that the ﬂow of pore water
from non-improved regions to improved regions, and the
inﬂuence of the drains on the non-improved regions, will be
accounted for by the pore water ﬂow between the soil
elements represented in the soil-water-drain coupled equation
itself, we have decided not to use the transitional macro
elements 2). We also removed constraint 3) because we
consider that the engineering value of including the water
ﬂow resulting from the horizontal heterogeneity in the pore
water pressure distribution homogenized at the macro scale is
greater than the value of strictly fulﬁlling the conditions
assumed when constructing the model for the pore water
inﬂux from the soil to the drain. In order to ensure the validity
of removing these supplementary conditions, it is essential, at
the very least, to conﬁrm that the mesh division width will
have little inﬂuence on the analysis results. This point is
discussed in the ﬁnal section of this paper.3. Basic performance and approximation accuracy of
proposed macro-element method
In this section, the basic performance and approximation
accuracy of the proposed macro-element method are demon-
strated based on calculations of consolidation for an axisym-
metric unit cell model, as illustrated in Fig. 1.
3.1. Analytical conditions
Some calculations were performed after incorporating the
proposed macro-element method into the quasi-static soil–water
coupled elasto-plastic ﬁnite element method based on the ﬁnite
deformation theory of Asaoka et al. (1994, 1997b). For the
constitutive model of the soil skeleton, the SYS Cam-clay
elasto-plastic constitutive model (Asaoka et al., 2002), based on
the soil skeleton structure concept, was employed. This con-
stitutive model can describe the work of the structure, the
overconsolidation, and the anisotropy by introducing a super-
loading yield surface (Asaoka et al., 1998, 2000), a subloading
yield surface (Hashiguchi, 1978, 1989; Asaoka et al., 1997a),
and rotational hardening (Sekiguchi and Ohta, 1977; Hashiguchi
and Chen, 1998) into the Cam-clay model (Roscoe and Burland
1968), respectively, and reproducing the mechanical behavior of
a wide range of soils, including clay, intermediate soil, and sand.
A 20 m-thick ground layer under single drainage conditions, in
which a circular drain is installed down to the bottom, was
modeled. The drain was assigned a diameter dw of 0.05 m, an
equivalent diameter de of 1.5 m, and a permeability coefﬁcient kw
of 5.0 102 cm/s. Two types of analytical models were applied
to this setup. The ﬁrst was the axisymmetric model shown in
Fig. 4, in which the drain and the surrounding ground are
discretized to a mesh. With respect to the drain in this model,
only the water absorption and discharge functions were considered.
Therefore, the same mechanical characteristics were assigned to all
elements, although a higher permeability coefﬁcient was assigned
for the elements corresponding to the drain than for those
representing the ground. This analytical model is referred to as
the “exact model.” The second model, illustrated in Fig. 5, is a
plane strain model in which the horizontal direction is not divided
into a mesh. The water absorption and discharge functions are
approximated using the macro-element method. This analytical
model is referred to as the “approximate model.” In the approx-
imate model, although the analytical domain in the horizontal
direction is set to a width of 0.25 m, in order to create a square
mesh, the speciﬁcation of the analytical domain in the horizontal
direction does not inﬂuence the analytical results under the above
analytical conditions. The material constants assigned to the macro-
element method are summarized in Table 1.
In both the analytical models, horizontal displacement was ﬁxed
for the sides of the analytical domain and both the vertical and
horizontal displacements were ﬁxed for the bottom. In terms of the
hydraulic boundary conditions, the sides and bottom were speciﬁed
as impermeable boundaries, while the ground surface was speciﬁed
as a permeable boundary (atmospheric pressure). Similarly, for
boundary conditions of the macro-element method in the approx-
imate model, the bottom was speciﬁed as an impermeable
Layer 1
[ k = 5.0× 10-8cm/sec ]
Layer 2
[ k = 3.0× 10-6cm/sec ]
Layer 3
[ k = 4.0× 10-7cm/sec ]
rw = 0.025m
re = 0.75m
20
m
CL
0.25m
Impermeable boundary
Impermeable boundary
Permeable boundary
(atmospheric pressure)
Axisymmetric condition
Elements 
representing 
the drain
[ k = 5.0×
10-2cm/sec ]
Impermeable 
boundary 
Fig. 4. Finite element mesh and boundary conditions (exact model).
0.25m
20
m
0.25m
Impermeable boundary
Impermeable 
boundary
Impermeable boundary
Permeable boundary
(atmospheric pressure)
Macro element
(all elements)
[ kw = 5.0×
10-2cm/sec ]
Drain top:
Permeable boundary
(atmospheric pressure)
Drain bottom:
Impermeable boundary
Plane strain condition
Layer 1
[ k = 5.0× 10-8cm/sec ]
Layer 2
[ k = 3.0× 10-6cm/sec ]
Layer 3
[ k = 4.0× 10-7cm/sec ]
Fig. 5. Finite element mesh and boundary conditions (approximate model).
Table 1
Material constants of macro-element method
Equivalent diameter de (m) 1.50
Diameter of circular drain dw (m) 5.00 102
Permeability of circular drain kw (cm/s) 5.00 102
Table 2
Material constants and initial conditions of the ground.
Clay
Elasto-plastic parameters
Critical state index M 1.60
NCL intercept N 2.51
Compression index λ˜ 0.300
Swelling index κ˜ 0.020
Poisson's ratio ν 0.3
Evolution parameters
Ratio of Dvp to ||Dsp|| cs 0.3
Degradation index of structure a 0.8
Degradation index of OC m 5.0
Rotational hardening index br 0.001
Limitation of rotational hardening mb 1.00
Fundamental parameter
Soil particle density ρs (g/cm
3) 2.754
Initial conditions
Speciﬁc volume v0 3.20
Stress ratio η0 0.375
Degree of structure 1/R*0 12.0
Degree of anisotropy ζ0 0.107
Table 3
Permeability coefﬁcient for each ground layer.
Layer 1 k (cm/s) 5.0 108
Layer 2 k (cm/s) 3.0 106
Layer 3 k (cm/s) 4.0 107
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1119boundary, while the ground surface was speciﬁed as a permeable
boundary (atmospheric pressure). The ground surface was verti-
cally loaded with a uniform distribution at a ﬁxed rate over a10-day period until a ﬁnal load of 150 kN/m2 was reached.
Thereafter, the load was kept constant.
The material constants and initial conditions adopted for the
ground are shown in Table 2. As can be seen in Figs. 4 and 5, the
model ground comprises 3 layers. Although the same mechanical
characteristics were assigned to all the ground layers, permeability
coefﬁcients were different for each layer, as shown in Table 3. The
values shown in Table 2 were determined based on the assumption
of a typical alluvial clay. The initial conditions were ﬁxed to the
values in Table 2 throughout the ground layers. The initial
distribution of the stress conditions was determined by accounting
for the self-weight under the application of a slight load to the
ground surface (9.81 kN/m2). The initial water pressure distribution
was set to be hydrostatic. The overconsolidation ratio was
calculated based on the conditional equation that the state variables
must satisfy (Noda et al., 2005).
20
Exact model
Approximate model ( uw= unknown )
Before During After conslidation
(0day) (15days) (3000days)
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Fig. 6 shows the time–settlement relationships. For the exact
model, the ﬁgure shows the mean amount of settlement for all
the ground surface nodes. The approximate model predicted
essentially the same time–settlement curve as the exact model.
For comparison purposes, Fig. 6 also shows the results for the
case when the water pressure in the drain in the macro-element
method is not treated as an unknown, but given as a
hydrostatic pressure, using the approximate model. It is evident
that treating the water pressure in the drain as an unknown
results in delayed consolidation.
Fig. 7 shows the excess pore water pressure distribution in
the ground and the excess water pressure distribution in the
drain for both the exact and the approximate models. For the
exact model, the excess pore water pressure in the ground is
the average value weighted by the volume for all transversely
adjacent elements. Both the approximate and the exact models
yielded essentially the same distribution. The higher the perm-
eability for a given ground layer, the earlier the excess pore
water pressure dissipated. The fact that the uneven distribution100 101 102 103 104
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Fig. 6. Veriﬁcation of the proposed method in terms of settlement behavior.
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Fig. 7. Veriﬁcation of the proposed method inshown in Fig. 7 was obtained for the approximate model
reﬂects the water absorption function of the macro-element
method. The same calculations based on a mass-permeability
concept do not result in such an uneven pressure distribution
because pore water pressure dissipation progresses from the
area near the permeable boundary. It is also evident from
Fig. 7 that the excess pore water pressure in the drain is not
zero. Based on this ﬁgure, it can be concluded that the delayed
consolidation that occurs when the water pressure in the drain
is treated as an unknown in the macro-element method results
from the well resistance. Naturally, the occurrence of the well-
resistance phenomenon in the approximate model is a con-
sequence of assigning a ﬁnite discharge capacity to the drain in
the macro-element method.= unknown)
100 150
 pressure (kPa)
ays
ded)
0 50 100 150
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terms of excess water pressure behavior.
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Fig. 8. Veriﬁcation of the proposed method in terms of various state variables.
Table 4
Material constants and initial conditions of the ground layers.
Clay 1 Sand Clay 2
Elasto-plastic parameters
Critical state index M 1.60 1.35 1.50
NCL intercept N 2.51 1.95 3.00
Compression index λ˜ 0.300 0.086 0.286
Swelling index κ˜ 0.020 0.003 0.024
Poisson's ratio ν 0.3 0.4 0.1
Evolution parameters
Ratio of Dvp to ||Dsp|| cs 0.3 1.0 0.4
Degradation index of structure a 0.8 5.0 0.35
Degradation index of OC m 5.0 0.2 1.0
Rotational hardening index br 0.001 5.000 0.030
Limitation of rotational hardening mb 1.00 0.55 1.00
Fundamental parameters
Soil particle density ρs (g/cm
3) 2.754 2.787 2.754
Permeability index k (cm/s) 1.0 107 5.0 102 1.5 108
Initial conditions
Speciﬁc volume v0 3.27 1.84 3.60
Stress ratio η0 0.375 0.375 0.375
Degree of structure 1/R*0 7.0 1.7 12.0
Degree of anisotropy ζ0 0.107 0.107 0.107
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1121Fig. 8 shows isochrones of the speciﬁc volume v, the
overconsolidation ratio R1/ , and the degree of structure R1/ *
for both the exact and the approximate models. The values for
the exact model represent the volume weighted means for each
Gaussian point. At each time point, the approximate model
closely approximates the mean values obtained using the exact
model. Furthermore, the problem has strong material nonli-
nearity because the overconsolidation ratio after completion of
consolidation is essentially unity (i.e., the consolidation yield
stress is exceeded across all layers). In addition, geometric
nonlinearity cannot be ignored in the problem because settle-
ment occurs in excess of 20% of the ground thickness.
As explained earlier, treating the water pressure in the drain
as an unknown and obtaining its value as a part of the solution
enables the well-resistance phenomenon to occur automatically
and with high precision, even in a multilayered ground. The
macro-element method can be applied to problems involving
material as well as geometric nonlinearity and can approximate
changes in the internal state variables brought about in the
improved region.
4. Simulation examples of vacuum consolidation of clayey
ground containing a middle sand layer
When the vacuum consolidation method is applied to a
ground composed of soft clayey layers containing a middle
sand layer, the effects of depressurization are sometimes less
than expected because a large quantity of water is absorbed
from the sand layer. This can be considered a type of ‘well-
resistance phenomenon’ that occurs because the sucking of
water exceeding the discharge capacity of the drain occurs in
the sand layer. Here, the proposed macro-element method is
applied to a virtual ground and an attempt is made to reproduce
this phenomenon as well as the effects of a countermeasure
against the sucking of water. Finally, the mesh size sensitivity
is also veriﬁed.
4.1. Analytical conditions
For this analysis, the same analysis code as in the previous
section was used. The ﬁnite element mesh and boundaryMacro 
element
19
m
2m
2m
80m
Waterproof sealing area (when seepage contro
1m
1m
CL
Drain top: permeable boundary (water pressure drop)
Drain bottom: impermeable boundary
Impermeable boundary
15m
Fig. 9. Finite element mesh aconditions are shown in Fig. 9. Assuming plane strain
conditions, analyses were conducted with respect to a half
cross section. A ground was modeled as two clay layers
sandwiching a 3 m-thick highly permeable sand layer. The
pore water pressure at the ground surface was always set at
zero (atmospheric pressure). Another sand layer was assumed
to be present below clay layer 2, and accordingly, a permeable
boundary condition (constant head) was assigned to the bottom
of the model. The left-hand side of the half cross section was
speciﬁed as an impermeable boundary. Meanwhile, the right-
hand side of the model was speciﬁed as a permeable boundary
(constant head) assuming the connectivity of the model with
the ground.
The material constants and initial conditions for each layer
are shown in Table 4. Clay layers 1 and 2 were assigned
material constants corresponding to typical alluvial clays, and9m
11m
3m
23m
Permeable boundary (constant head)
Permeable boundary (atmospheric pressure)
Permeable boundary (constant head)
Clay layer 1
Clay layer 2
l is deployed)
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nd boundary conditions.
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–11281122the sand layer was assigned material constants for silica sand.
The initial conditions were determined in the same manner as
those in the previous section.
As a ground improvement method, the vacuum consolida-
tion method, which uses cap-attached prefabricated vertical
drains, was chosen. The width of the half cross section of the
improved region (in the horizontal direction) was 15 m. In the
depth direction, both the ground surface and the bottom
boundary were assigned to serve as seal layers, each being
2 m from the permeable boundary. In the improved region,
band-shaped drains having a width a¼0.1 m, a thickness
b¼0.005 m, and a permeability coefﬁcient k 10 cm/secw 0˜ =
were assumed to be installed in a square pattern at a spacing
d¼1.2 m. To investigate the basic effects of the vacuum
consolidation method only, the water pressure was reduced by
90 kN/m2 over a period of one day at the top of each drain, and
kept constant without additional embankment loading or water
pressure recovery. The macro-element method was applied to
the improved region. The upper and lower boundaries of the
macro-elements were designated as permeable and imperme-
able boundaries, respectively, and a desired negative pressure
was imposed on the upper boundary. Eqs. (16) and (18) were
used to calculate de and dw. In addition, kw was calculated
from Eq. (20) in the case of treating the water pressure in the
drain as an unknown. The material constants used in the
macro-element method are summarized in Table 5.
The above is the basic setup of the analytical model.
Supplemental explanations are provided for cases where
changes were made to the above conditions.4.2. Effect of treating water pressure in drain as an unknown
First, the effect of treating the water pressure in the drain as
an unknown is examined. Therefore, for comparison purposes,
the analysis results for the case when the water pressure in the
drains is given as an analytical condition are also presented. InTable 5
Material constants of macro-element method.
Equivalent diameter de (m) 1.35
Diameter of circular drain dw (m) 6.56 102
Permeability of circular drain kw (cm/sec) 1.42 101
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Fig. 10. Time–settlement relationships (effect of treating the water pressure in
the drain as an unknown).this case, a water pressure distribution in the drains is speciﬁed
to have the same gradient as the hydrostatic pressure that
would yield a desired negative pressure at the top of the drains.
Fig. 10 shows the time–settlement relationships of the
surface at the center of the improved region. It can be seen
that the different treatments of the water pressure in the drain
result in substantially different ﬁnal settlements.
Figs. 11 and 12 show the distribution of the changes in
water pressure in the ground and the drain for each method. It
is evident that the results differ substantially depending on the
treatment of the water pressure in the drain. When the water
pressure in the drain is treated as an unknown (Fig. 11), the
desired reduction in the water pressure in the drain and the
pore water pressure in the ground does not occur. However,
when the water pressure in the drains is treated as an analytical
condition (Fig. 12), the pore water pressure of even the deep
ground is signiﬁcantly reduced, regardless of the presence of
the middle sand layer, because the water pressure in the drain
is uniformly reduced across the entire improved region. It is
this difference in depressurization that causes the obvious
difference in the settlement behavior. Thus, in cases where
drains suck large quantities of water from a middle sand layer,
the efﬁcacy of the vacuum consolidation can be overestimated
in simulations unless the water pressure in the drain is treated
as an unknown.
Hirata et al. (2010) proposed a method in which a well-
resistance coefﬁcient by Yoshikuni (1979) is added to the
macro-element method to simply account for the delay in
consolidation resulting from well resistance. In their method,
the water absorption function of the drains is reduced and a
delay in consolidation occurs, by means of the addition of the
well-resistance coefﬁcient to the denominator of the ﬂow
coefﬁcient term κ in Eq. (12). One of the difﬁculties of this
method lies in how the so-called ‘drainage length’, included in
the well-resistance coefﬁcient, is assigned. For example, when
the ground contains a seal layer or a middle sand layer, as in
the case of the present problem, it is difﬁcult to determine how
best to specify the drainage length. Even if there was an agreed
upon way to specify the drainage length, so long as the water
pressure in the drain is user-speciﬁed, the method cannot be
applied to problems, such as the present one, that do not result
in an obvious distribution of water in the drain upon comple-
tion of consolidation. Treating the water pressure in the drain
as an unknown is useful for solving problems in which it is not
obvious that the ground containing the drain exhibits a steady
hydraulic head ﬁeld. From this point onward, only analysis
results for the case in which the water pressure in the drain is
treated as an unknown are presented.
4.3. Effect of waterproof sealing as countermeasure for
sucking from middle sand layer
When applying the vacuum consolidation method using cap-
attached prefabricated vertical drains, if the presence of a
middle sand layer is known in advance, a commonly employed
advance countermeasure is to wrap waterproof sealing material
on the surface of drains passing through the middle sand layer.
0.5day (decompressing)
1day (completion of decompressing)
15days (decompressed)
150days (decompressed)
15000days (completion of consolidation)
uw = unknown
Pore water pressure change
in the ground
Water pressure change
in the drains
0001-
u [kPa]
Without waterproof sealing
Fig. 11. Distribution of water pressure change in the ground and drain (when water pressure in the drain is treated as an unknown).
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1123We next investigate whether the effects of this countermeasure
can be reproduced using the proposed macro-element
approach. As illustrated in Fig. 9, a seal is positioned so that
it extends 1 m above and below the sand layer. This water-
proof sealing is represented in the macro-element method by
assigning a value of zero to κ in Eqs. (13) and (14). In this
manner, it is possible to eliminate only the water absorption
function, while preserving the discharge function of the drains.
Fig. 13 shows the time–settlement relationships of the
ground surface at the center of the improved region. The ﬁnal
settlement increases by waterproof sealing to the part of the
drain corresponding to the middle sand layer.
Fig. 14 shows the distribution of changes in water pressure
in the ground and drain when waterproof sealing is applied.
This can be directly compared to Fig. 11, for which no
waterproof sealing is applied. In the case of no waterproof
sealing, a reduction in pressure begins to appear in the sand
layer early on, and is transmitted to the sand layer beyond the
improved region. Even after depressurization is completed, thewater pressure in the drain has not fallen to the desired level.
Although the pore water pressure in the clayey ground
gradually declines, because the water pressure in the drain
does not fall to a sufﬁciently low level, the effect of
depressurization in the clayey ground is inadequate. In con-
trast, as shown in Fig. 14, when waterproof sealing is applied,
the early decline in water pressure in the middle sand layer
does not occur. As a result of preventing the sucking of water
from the middle sand layer by means of the waterproof sealing,
the water pressure in the drains decreases to the designated
value by the time depressurization is completed at the head of
the drains. The pore water pressure in the clayey ground also
declines gradually, and eventually even in the deep ground, the
desired depressurization effect is obtained. Furthermore, even
after the passage of a substantial amount of time, the water
pressure in the middle sand layer declines only negligibly even
though the pore water pressure in the clay layers lying above
and below it decreases. This is because water is supplied by the
sand layer in the surrounding ground.
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1day (completion of decompressing)
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Fig. 12. Distribution of water pressure change in the ground and drain (when water pressure in the drain is assigned as analytical condition).
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Fig. 13. Time–settlement relationships (effect of waterproof sealing).
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–11281124Fig. 15 shows the distribution of changes in speciﬁc volume
in the ground after consolidation has been completed. When
waterproof sealing is applied, volume compression occurs
even in the deep ground.
Fig. 16 shows the lateral displacement of the ground along
the right-hand edge of the improved region. It is evident thatgreater lateral displacement occurs when waterproof-sealing is
applied. If an embankment is constructed in conjunction with
the vacuum consolidation method, it is expected that its effect
in offsetting the lateral displacement would be even more
obvious.
Fig. 17 shows the settlement shape of the ground surface.
When waterproof sealing is not applied, because the effect of
depressurization extends beyond the improved region by trans-
mission via the sand layer, the settlement also spreads in the
ground surrounding the improved region. It is possible to
decrease the settlement of the ground outside the improved
region by applying waterproof sealing, although the settlement
within the improved region increases.
4.4. Mesh size sensitivity
As a ﬁnal step, the sensitivity of the solutions obtained using the
proposed method to the mesh size is examined. Analyses using
meshes that were double and half the size of the mesh illustrated in
0.5day (decompressing)
uw = unknown
Pore water pressure change
in the ground
Water pressure change
in the drains
1day (completion of decompressing)
-100 0
u [kPa ]
With waterproof sealing
15days (decompressed)
150days (decompressed)
15000days (completion of consolidation)
Fig. 14. Distribution of water pressure change in the ground and drain (when waterproof sealing applied).
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6.01.0-
Δv
0
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Fig. 15. Distribution of speciﬁc volume change (effect of waterproof sealing).
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1125Fig. 9 were performed. The model analyzed was the same as that
described in the previous section, and no waterproof sealing was
applied. Fig. 18 shows the time–settlement relationships of the
ground surface at the center of the improved region, while Fig. 19
shows the distribution of changes in pore water pressure after the
completion of consolidation. Essentially the same results were
obtained regardless of the mesh size. From the standpoint of mesh
division, it appears that the supplementary conditions for the
macro-element method suggested by Sekiguchi et al. (1986, 1988)
can be removed. Furthermore, in order to appropriately reproduce
the effect of a middle sand layer on the vacuum consolidation
method, it is necessary to allow for the movement of pore water
between transversely adjacent macro-elements.
5. Conclusions
This paper attempted to newly extend the capabilities of the
macro-element method for vertical drains. Speciﬁcally, by
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S. Yamada et al. / Soils and Foundations 55 (2015) 1113–11281126treating the water pressure in the drain as an unknown and
adding a continuity equation for the drains to the governing
equations, a discharge function for the drains was newly
added, while retaining the water absorption function of the
drains contained in previous versions of the macro-element
method. After applying the proposed macro-element method to
a quasi-static soil–water coupled elasto-plastic ﬁnite element
method, based on ﬁnite deformation theory, the basic perfor-
mance and approximation accuracy of the extended method
were veriﬁed. In addition, numerical analyses of the applica-
tion of the vacuum consolidation method to a clayey ground
containing a middle sand layer were performed. The ﬁndings
obtained in this paper are summarized as follows:
1. The results of analyses using the proposed method showed
that the well-resistance phenomenon occurs automatically,depending on the analytical conditions. In addition, the
proposed method is capable of highly accurate approxima-
tions in problems involving material and/or geometrical
nonlinearity and multilayered grounds.
2. It is known that inadequate depressurization and settlement of
the surrounding ground can occur when vacuum consolidation
is applied to a clayey ground containing a middle sand layer.
An analysis based on the proposed approach is capable of
reproducing the phenomena adequately.
3. As an advance countermeasure to middle sand layers,
waterproof sealing material is often wrapped around the
surface of drains passing through the parts. The effects of
such countermeasures can be appropriately reproduced
using the proposed approach.
4. Following the formulation used in this paper makes it
unnecessary to perform mesh division of the width to match
the drain arrangement and spacing. Furthermore, the
S. Yamada et al. / Soils and Foundations 55 (2015) 1113–1128 1127proposed approach yields solutions that are insensitive to
the mesh size.
Finally, we note that our next challenge will be to compare
the simulation results with those of actual measurements. After
applying the proposed approach to analytical methods for
dealing with inertial forces, we intend to study stability
problems and pore pressure dissipation methods as counter-
measures to liquefaction.
Appendix A. Physical model for the soil–water coupled
equation
The physical model for the following soil–water coupled
equation is given based on Asaoka et al. (1994, 1997b).
D v v nd datr
A1v a
∫ ∫ ′− = ⋅ ( )
where D denotes the stretching tensor of the soil skeleton.
Flow rates v 1′ and v 2′ shown in Fig. A1 are approximated
using the following equations (although the ﬁgure depicts a
2-dimensional analysis, it is the same for 3 dimensions):
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where k1 and k2 are the permeability coefﬁcients for elements
1 and 2, respectively. If v v vi 1 2′ ′ ′= = is set, then v i′ can be
expressed as follows:
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where ki is an apparent permeability coefﬁcient incorporated to
approximate the ﬂow from element 1 to element 2. Further-
more, the right side of Eq. (A1) can be approximated using v i′Element 1 Element 2
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Fig. A1. Flow of pore water between adjacent elements.as follows:
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where m is the number of faces composing the element. By
discretizing the left side of Eq. (A1) into ﬁnite elements and
substituting Eq. (A4) into Eq. (A6), the following physical
model for Eq. (A1) is obtained.
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Here, vN{ } is the node velocity vector, L is the matrix for
converting vN{ } to the element’s volume change rate, and iα is
the coefﬁcient of pore water ﬂow through boundary surface i
to the adjacent element.
When boundary surface i is designated as an impermeable
boundary surface, there is no ﬂow of pore water through that
surface and iα is set to zero. On the other hand, when boundary
surface i is designated as a permeable boundary, in addition to
assigning hi to the center of the boundary surface, l
i and ki in
Eq. (A8) are speciﬁed in the following manner to calculate iα .
l i: vector from the center of the element to the center of
boundary surface i.
ki: permeability coefﬁcient for the element.References
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